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We prove empirical central limit theorems for the distribution of 
levels of various random fields defined on high-dimensional discrete 
structures as the dimension of the structure goes to oo. The random 
fields considered include costs of assignments, weights of Hamiltonian 
cycles and spanning trees, energies of directed polymers, locations of 
^^ I particles in the branching random walk, as well as energies in the 

n , ■ Sherrington-Kirkpatrick and Edwards-Anderson models. The distri- 

bution of levels in all models listed above is shown to be essentially 
the same as in a stationary Gaussian process with regularly varying 
C^ ■ nonsummable covariance function. This type of behavior is differ- 

ent from the Brownian bridge-type limit known for independent or 
stationary weakly dependent sequences of random variables. 



1. Statement of results. 



(N 

> 

^^ . 1.1. Introduction. Strongly correlated random fields defined on high- 

er I dimensional discrete structures arise naturally in stochastic combinatorial 

optimization and in the physics of disordered systems. We will be interested 



^O I in the properties of the empirical process formed by the levels of such random 



fields. The general setting is as follows. For every n G N, let {X„(t);t S r„} 
be a zero- mean, unit- variance random field with a finite index set r„. The 
empirical distribution function of the field X„ counts the proportion of val- 
ues of X„ which are not greater than a given number z G M. It is defined 
as 

(1) i"n(^) = ^ 5] lx„ (*)<.' -^elR- 

Here, |T„| denotes the cardinality of the finite set r„. For a number of models 
of stochastic combinatorial optimization we will prove an empirical central 
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2 Z. KABLUCHKO 

limit theorem of the following form: 

(2) {c„(F„(z) -EF„(z));z G M} '^{p{z)W-,z^ M}. 

n— >oo 

Here, c„ is a normalizing sequence, ^— t-' denotes the weak convergence of 
the finite-dimensional distributions, p{z) = {2iT)~^''^e~^ '^ is the standard 
Gaussian density and VF is a random variable. Both Cn and W depend on 
the model under consideration, W being usually normal. 

1.2. Distribution of weights of subgraphs. Our first result deals with the 
stochastic assignment problem. In this model, n jobs have to be assigned 
in a bijective way to n machines. The set of all assignments is denoted 
by Tn and is identified with the set of all permutations of n elements, so 
that |r„| = n!. Let the cost of assigning a job i to the machine j be S,ij, 
where {^ij',i,j G {1, • • • ,n}} are independent copies of a random variable ^ 
satisfying E^ = and E^^ = 1 . The (normalized) cost of an assignment t = 
(*(«))"=! e ^n is then defined by X.„(t) = ^ Y.'i=i ii,t{i)- 

Theorem 1. Let {%n{'t)]'t £ Tn} be the random landscape of the stochas- 
tic assignment problem. Then, X„ satisfies the empirical central limit theo- 
rem (2) with Cn = y/n and W ~ N{Q, 1). 

The next model we will consider is the mean-field stochastic traveling 
salesman problem. Denote by G„ = (V^,£'„) the undirected complete graph 
on a set V^ of n > 3 vertices with the set of edges En- A Hamiltonian path 
in Gn is a nonoriented closed path which contains every vertex of G„ ex- 
actly once. Let r„ be the set of Hamiltonian paths in G.„. Let the weight of 
an edge e & En be .^e, where {£,e',e G En} are independent copies of a ran- 
dom variable ^ satisfying E^ = and E^^ = 1. The (normalized) weight of 
a Hamiltonian path t E T„ is then defined by X„(t) = -^ Z^eet^e- 

Theorem 2. Let {X„(t);i E Tn} be the random landscape of the mean- 
field stochastic traveling salesman problem. Then, X„ satisfies the empirical 
central limit theorem (2) with Cn = \/n/2 and W ~ A^(0, 1). 

In the next theorem we will deal with the distribution of the weights of 
spanning trees in the complete graph. As above, let Gn be the undirected 
complete graph on n vertices with the set of edges denoted by £"„ . A spanning 
tree is a connected subgraph of Gn which contains all the vertices of G„ 
and has no cycles. Note that the number of edges in any spanning tree 
of Gn is n — 1. Let Tn be the set of all spanning trees of the complete 
graph Gn, the cardinality of r„ being n""^ by the Cayley formula. Let the 
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weight of an edge e G £"„ be ^e, where {Ce; e G En} are independent copies of 
a random variable ^ satisfying E,^ = and E,^^ = 1 . The (normahzed) weight 
of a spanning tree t G T„ is then defined by X„(t) = J— y Yle& ?e- 

Theorem 3. Let the random landscape {\nit)',t G Tn} representing the 
weights of spanning trees be defined as above. Then, X„ satisfies the empirical 
central limit theorem (2) with Cn = \/n/2 and W ~ -/V(0, 1). 

Remark 1. We beheve that in all our results, the weak convergence of 
the finite-dimensional distributions can be replaced by the weak convergence 
in the Skorokhod space, but we will not deal with tightness questions here. 

Remark 2. In the setting of Theorems 1-3, lim„_^ooIEF„(2;) = ^{z) by 
the central limit theorem, where ^{z) is the standard Gaussian distribution 
function. However, we cannot replace EF„(z) by ^{z) in (2). In order to 
justify such a replacement, a relation of the form ¥,Fn{z) — ^{z) = o(l/c„) 
as n — 7- oo would be needed. This relation is not true in general. If the distri- 
bution of ^ is nonlattice and E|^p < -|-oo, then we have, by [13], page 210, 

(3) ¥.Fn{z)-^{z)=n--^/'^Q{z)p{z) + o{n^'^/^), n^oo, 

where Q{z) = gE[,^'^](l — z^). In this case. Theorem 1 can be written in the 
form 

(4) {y/^{Fn{z) - ^z))-z G M} '^ {p{z){W + Q{z))-z G M}, 

where I^'^A^(0,1). Similar considerations apply to Theorems 2, 3, 5, as 
well as to the case (i > 3 of Theorem 4. 

1.3. Distribution of energies of directed polymers. A li-dimensional di- 
rected polymer of length n is a sequence t = (t(A;))^^g of sites in Z such that 
t(0) = 0, and t{k) and t{k + 1) are neighboring sites for all fc = 0, . . . , n — 1. 
The set of all polymers of length n is denoted by T^ and contains (2^)"" 
elements. Let {^^(x); A; G N, x G Zf^} be independent copies of a random vari- 
able ^ satisfying E^ = and E^^ = 1. For d = 1, 2, we additionally assume 
that E|^p+ < oo for some 5 > 0. The (normalized) energy of a polymer 
i G r„ is defined by X„(t) = ^ ELi Um)- 

Theorem 4. Let {X.„(t);t G T„} be the random energy landscape of the 
directed polymer model. Then, X„ satisfies the empirical central limit theo- 
rem (2) with 



(5) 



^/vm/i, (i=l, 

y^vrn/logn, d=2, 

n, d > 3. 
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For d = 1, 2, we have W ~ A^(0, 1). For d>2>, the random variable W has 
the same distribution as — XlfcLi Sa;eZ'*Pfc(^)^fc(^)' where pk{x) is the prob- 
ability that a simple {nearest-neighbor) random walk on TL'^ starting at the 
origin is at x £ Z at time /c G N. 

Remark 3. If Ej^p < oo, then |EF„(z) - $(z)| < C/^/n by the Berry- 
Esseen inequahty (see, e.g., [19], page 111). This imphes that we can re- 
place ¥,Fn{z) by $(z) in (2) for d = l,2. Note that this does not apply to 
the case d>3. In this case, we may use expansion (3) as in Remark 2. 

1.4. Distribution of particles in the branching random walk. Branching 
random walk is a model combining a Galton- Watson branching process with 
a random spatial motion of particles. At time there is a single particle on 
the real line located at 0. At time 1, this particle is replaced by a random 
number of offsprings whose displacements relative to the position of the par- 
ent particle are i.i.d. random variables. Then, every offspring generates new 
particles according to the same rules, and so on. All the random mechanisms 
involved are independent. 

The formal definition is as follows. Let T = (J^o ^" ^^ ^^ infinite tree 
with root (we agree that N° = {0}), vertices of the form t = {vi, . . . ,Vn), 
where i^j G N and n = corresponds to the root t = and edges connect- 
ing each such t with its successors {vi,. . . ,Vn,k), where fc G N. The number 
l{t) = n is called the length of t = {vi, . . . ,Vn)- Let {Zt;t £ T} be indepen- 
dent copies of a random variable Z which takes values in N and satisfies 
m := KZ > 1 and EZ^ < oo. The random variable Zj should be thought of 
as the number of children of the particle coded by the vertex t. The nth 
generation of the branching random walk is the random set Tn consisting 
of all vertices t = {vi, . . . ,u„) of length n G N such that Vk < Z'(^,^^ ^,^_^) for 
every k = 1, . . . ,n. Independently of the Z^'s, let {^t]t G T \ {0}} be in- 
dependent copies of a random variable ^ such that E,^ = 0, E^^ = 1. The 
random variable ^t should be thought of as the displacement of the particle 
coded by the vertex t relative to its parent. For t = {vi, . . . ,Vn) G T \ {0} 
define X„(i) = -j^Yl'k=i^{vi,...,Vk)- Then, {X„(t);i G r„} are the normalized 
positions of the particles in the nth generation of the branching random 
walk. 

Theorem 5. The random field {X„(t),t G T„} defined as above satisfies 
the empirical central limit theorem (2) with Cn = \/n. The limiting random 
variable W has the same distribution as — lim„_j.oo v^l^nl""^ SigT ^nif)- 

In the case of Bernoulli-distributed displacements this theorem is due 
to [8]. The method of [8] relies strongly on the Markov property of the 
branching random walk. We will recover Theorem 5 as a particular case of 
our general approach. 
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1.5. Distribution of energy levels in spin glasses. Our last result con- 
cerns the distribution of energy levels in spin glasses. The general setting is 
as follows. For every n G N, let G„ = (Ki, £^„) be an undirected graph with- 
out loops and multiple edges on a finite set of vertices Vn with the set of 
edges En. A spin configuration is a map i:V„— )•{— 1,1}. Let T„, = {— 1, 1}^" 
be the set of all spin configurations. Spins located at vertices vi and V2 
interact if there is an edge e = {^1,^2} S En, the energy of the interaction 
being t{vi)t{v2)J{e), where {J(e);e € En} are independent standard Gaus- 
sian random variables. The energy of a spin configuration t £ T„ is defined 
by 

(6) X„(t) = |E„|-i/2 ^ t{vi)t{v2)J{e). 

e={vi,V2}eE„ 

Examples are provided by the Sherrington-Kirkpatrick model in which Gn is 
the complete graph on n vertices, and the d-dimensional Edwards-Anderson 
model, in which G„ is the d-dimensional discrete box with side length n and 
nearest-neighbor interactions. 

Theorem 6. Let {X„(t);t G T„} be the energy landscape defined as 
in (6). /f lim„_>oo \En\ =00, then the following empirical central limit theo- 
rem holds: 

(7){|i.„|V^2HV^"l^g(l,„(,,.-$(z));..M};J^{£^T^;..: 

where <& is the standard Gaussian distribution function and VF~ A^(0,1). 

1.6. Discussion. Empirical central limit theorems have been extensively 
studied for stationary sequences of random variables under various short- 
range dependence conditions. For example, it has been shown in [3, 21] that 
if {K{n)\n G Z} is a stationary zero-mean, unit-variance Gaussian process 
whose covariance function r{n) = E[X(0)X(n)] satisfies X]nezk(^)l < 00, 
then 



I ^ k=l 



(8) <'^V(lx(fc)<.-^W);^e]Rr-:^-{i?(z);zGM}, 



where {B{z)]z G M} is a zero-mean Gaussian process with covariance func- 
tion 

(9) Cov(S(zi),S(z2))=J^Cov(lx(0)<^i,lx(fe)<^2), Zl,Z2GM. 

fcez 

Similar results are available for stationary processes under mixing condi- 
tions [4], Chapter 22, [11, 24], stationary associated sequences [25], to cite 
only a few references. 
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There has been also much interest in proving empirical central limit the- 
orems for stationary long-range dependent processes (see [10, 12, 22, 23], 
as well as the monographs [9, 15, 17] for fm'ther references). It has been 
shown that if {X(?i);n G Z} is a stationary zero- mean, unit-variance Gaus- 
sian process whose covariance function r satisfies r{n) = L{n)n~^ for some 
function L that varies slowly at +oo and some D G (0, 1), then 

(10) I ^l/2(,)^l(l/2)D E(1XW<^ - ^(-))' - ^ ^1 l^JP^^W-^ ' ^ 



>oo 



where Cd > is some explicit constant and W ~ A^(0, 1) (see [10, 22] for 
stronger results). 

The models considered in the present paper look, at a first sight, rather 
different from stationary Gaussian processes with regularly varying covari- 
ance function. Nevertheless, as far as the empirical process is concerned, they 
behave in essentially the same way as in (10). A nonrigorous explanation of 
this phenomenon will be given in Section 1.7. 

Let us also mention that several authors proved Poisson limit theorems 
for the local distribution of values of highly-correlated random fields in small 
windows [1, 2, 5-7]. As opposed to these results, we consider the distribution 
of values of random fields on a global scale. 

1.7. Idea of the proofs. Let us describe a nonrigorous argument justifying 
our results. As an approximation to the models considered in Theorems 1-5, 
we take {Kn{'t)]'t G 7n} to be a Gaussian process with zero-mean, unit- 
variance marginals and a covariance structure given by E[X„(ti)X„(t2)] = £n 
for all ti ^ t2, where e„ S (0, 1) is some sequence tending to as n — )• oo. 
Intuitively, the sequence £n represents the order of the overlap of two generic 
assignments, Hamiltonian paths, etc. 

Let Ffi be the empirical distribution function of X,j defined as in (1). The 
process X„ can be represented (in distribution) as Xn(t) = -\/r^-£nXn(0 + 
y/e^N, where {X'„(t);t G T„} and A^ are independent standard Gaussian 
random variables. Thus, we have a representation 



where -F^(z) = t^ "l^t&Tn ^^'n{t)<^ ^® ^^^ empirical distribution function of X'„. 
By the central limit theorem, we have F^k ^ as n — )• oo with a Brownian 
bridge error term of order l/^^/\X^, where $ is the standard Gaussian dis- 
tribution function. Now, the common feature of the models considered in 
Theorems 1-5 is that £„,, the order of the correlation of two generic ele- 
ments in r„, is much larger than l/|r„|. So, the order of the Brownian 
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bridge fluctuations is much smaller than the order of the shift ^/e^N. Thus, 
we may write 

(11) F^z) = F'^ (^^^) - ^ (^^^) - ^(-) - V^nP{z)N, 

where ~ means that we are ignoring terms of order op(y^) as n — t- oo. This 
leads to a result of the form 

(12) [^{Fn{z)-^z))-z(^^\'^{-p{z)N-z(^^}. 

For example, let {K{n);n S Z} be a stationary zero- mean, unit-variance 
Gaussian process whose covariance function r satisfies r{n) = L{n)n~^, 
where L is a slowly varying function and D > 0. Then, for generic ki,k2 
in Tn = {l,...,n}, Cov(X(fci),X(A;2)) is of order e„ ^ L{n)n-^ . If D G 
(0,1), then En is asymptotically larger than l/|r„| and the heuristic ap- 
plies; cf. (10). In the models of Section 1.2 and in the branching random 
walk, we have e„ w 1/n, whereas \Tn\ grows exponentially, so that again e„ 
is larger than l/|r„|. For directed polymers, e^ depends on the dimension d 
and is again larger than l/|r„|. 

On a more rigorous level, our proofs will be based on an adaptation of 
the reduction method of [22]. This method was introduced in the setting of 
stationary Gaussian processes with regularly varying covariance. The idea 
is to approximate the empirical distribution function by a certain expansion 
involving Hermite polynomials. Recall that the Hermite polynomials form 
an orthogonal system with respect to the weight p, the standard Gaussian 
density; see Section 3.1 for precise definitions. Every function which is square 
integrable with respect to the weight p can be expanded into a Hermite- 
Fourier series. For the function f{x) = lx<z — ^(^) (here, z G M is fixed), the 
first two terms in the Hermite-Fourier expansion are 

(13) fix) = 1,<, - $(z) = -p{z)x - \zp{z){x^ - 1) + • • • . 

To prove Theorems 1-5, we will show that the random variable 
Si6T„(lx„{t)<2 ~ IP[Xn(0 ^ A) can be approximated in the L^-sense by the 
random variable — p(-z) X^jgj^ Xn(0 corresponding to the first term of the 
expansion (13). The statements justifying this approximation are Lemma 1 
and Proposition 1 below. For the proof of Theorem 6, we need a more accu- 
rate approximation involving the second Hermite polynomial since there, 
we have X^jgj- X„(t) = by symmetry reasons. In the setting of Theo- 
rem 6, we will prove that Ylti^T (lx„(t)<2 ~ ^{z)) can be approximated by 

-\zp{z)Y.t<,TS^lit)-^)- 

1.8. Notation. Let us collect the notation which will be used throughout 
the paper. The standard Gaussian density and distribution function are 
denoted by p{z) = {2-K)^^l'^er^ /^ and ^{z) = Jf p{t)dt, respectively. We 
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denote by .^ a random variable satisfying E^ = and E^^ = 1 . Let $„ be the 

distribution function of (^i H l-?n)/\Ai) where {^j; i S N} are independent 

copies of ^. By the central limit theorem, linin^oo ^n{z) = $(2) for every 
z S M. Throughout, C is a large positive constant whose value may change 
from line to line. 

2. Proofs for combinatorial models. 

2.1. Local limit theorems. We start by recalling two classical local limit 
theorems which will be needed in our proofs. The first of them deals with 
lattice random variables. Recall that a random variable is called lattice if its 
values are of the form b + /iZ for some 6 G M and h>0. 

Theorem 7 ([13], page 233, or [19], page 187). Let {^i;i G N} be in- 
dependent copies of a random variable ^ satisfying E^ = and E,^^ = 1. 
Assume that the values of ^ are of the form b + WL, where h> is maximal 
with this property. Then, the following asymptotic relation holds uniformly 
in z £nb + WL: 

(14) ^^^ + ... + ^^ = z] = ^pl^+o(^, n^oo. 



The next theorem is an analogue of Theorem 7 for nonlattice distributions. 
Recall the notation introduced at the end of Section 1. 

Theorem 8 ([20]). Let ^ be a nonlattice random variable satisfying 
E^ = and E,^^ = 1 . Then, the following asymptotic relation holds uniformly 

in zi,Z2 £ M.- 

(15) ^„(Z2) - ^nizi) = HZ2) - $(zi) + 0(1)(|Z2 " ^ll + n'^/^)^ 

n— )• 00. 

Corollary 1. Regardless of whether ^ is lattice or nonlattice, there is 
a constant C > depending on ^ such that for all n£N and z\,Z2 G M, 

(16) \^n{z2) - ^n{zi)\ < C\z2 - Zi\ + Cn"^l\ 

Proof. If the distribution of ^ is nonlattice, then the corollary follows 
immediately from (15) and the fact that the function $ is Lipschitz. Suppose 
that ^ is lattice as in Theorem 7. Without restriction of generality, let zi < Z2 
and define In = {nb + hZ) n {^ynzl,^ynz2]. Then by Theorem 7, 

*„(..) - *.(..) = E (^p(^) + <;^)) ^ E Tn 

where the o-term is uniform in z G M. Since the cardinality of /„ differs from 
h~^^/n{z2 — zi) by at most 1, we obtain the statement of the corollary. D 
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Remark 4. With an additional assumption E|,^p < oo, Corollary 1 fol- 
lows from the Berry-Esseen inequality (see [19], page 111). 

2.2. The main lemma. The next lemma will play a crucial role in the 
sequel. Essentially, it provides an estimate for the dependence between the 
random variables lxi<z and Ix2<z5 where Xi and X2 are two normalized 
sums of i.i.d. random variables having a nontrivial overlap. In our applica- 
tions, Xi and X2 will be the normalized weights of two Hamiltonian paths, 
spanning trees, etc. We will regularize lxi<z and lx2<z by subtracting cer- 
tain terms motivated by the Hermite expansion of the function f{x) = lx<z- 

Lemma 1. Let {S,i;i £ N} be independent copies of a random variable S^ 
satisfying E^ = and E^^ = 1. Let z gR be fixed. Given r G N U {0}, n G N 
with r <n, define two random variables Yi,Y2 by 

(17) Y, = lx,<z-<^n{z)+piz)Xi, i = l,2, 

where Xi = A^ Z]iLi ii '^"■^ X2 = -h^ Si=n-r+i ■?« • Then, there is a con- 
stant C depending only on the distribution of ^ such that for all r £ NU{0}, 
n S N with r <n, we have 

(18) ^<nYiY2]<C-. 

n 

Further, if En > is any sequence with lim„^oo £n = 0, then there is a se- 
quence 5n such that lim„_^oo f^n = and for every r G N U {0}, n € N with 
r < Enn, we have 

(19) o<E[yiy2]<<5n-. 

n 

Proof. Since the statement is trivially fulfilled for r = and r = n, we 
assume < r < n henceforth. It will be convenient to introduce the following 
notation: for m € M, we write 

20 p = _eo,l, z{u)= ^ . 

It follows from (17) that we have 

(21) ¥.[YiY2] = Cow{lx,<zAx,<z) + 2p{z)¥.[lx,<zX2]+p''{z)p. 

We start by considering the first term on the right-hand side of (21). We are 
going to show that 

Cav{lx^<zAx2<z) 

(22) ^" 

' {<^n-r{z{u))-^n-T{z{v))Y^r{du)^r{dv). 
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Define three independent random variables Xi, X, X2 by 

^ n—r ^ n ^ 2n—r 

1=1 i=n—r+l i=n+l 

Note that Xi = Xi + X and X2 = X2 + X . The distribution function of 
X/y^ is $,.• Conditioning on the event X/^£ du and using the indepen- 
dence of Xi,X,X2, we obtain 



E[lx,<.lx2<z] = IP[^i +X<z,X2 + X<z] 
(24) 



iF[Xi < z - u^f<l>ridu) 



i 

I f l\^l_Mu)) + '^l-ri4v)))Mdu)Mdv). 

^ ./ro ./in 



In a similar way, we obtain 

E[lx,<znix,<z] = (P[^i +X< z]f 

(25) =( / <^n~Mu))<^r{du)^ 



<^n-riziu))<^n-riz{v))<^ridu)'^r{dv). 

Bringing (24) and (25) together, we obtain (22). Let us consider the second 
term on the right-hand side of (21). Conditioning on X/y^E du, we obtain 

2piz)E[lx^<zX2] 

= 2p(^)lE[lx.+x<.^] 

(26) = 2p{z)^ I uP[Xi <z- u^]<^r(.du) 

Jr 

= 2p{z)^ / U^n-r{z{u))^r{du) 



= P{z)y/p {U- V){^n-r{z{u)) - ^n-r{z{v)))^r{du)^r{dv) 

JrJr 
Also, we have 

(27) \ I U^- v?^r{du)^r{dv) = 1. 

^ .ITS ./IB 
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Bringing (21), (22), (26), (27) together, we obtain 

(28) E[YiY2] = 1 f f A\u,v)Mdn)Mdv), 

^ JrJr 

where A{u,v) is given by 

(29) A(n, v) = <l>n-riziu)) - $„_r(z(?;)) +p(z)(n - v)^. 

Let us now prove the first statement of the lemma. Note that (28) implies 
that E[YiY2] > 0. It follows from (17) that EY^ = EY^ < 9. By the Cauchy- 
Schwarz inequality, equation (18) is fulfilled for r € [n/2,n] and every n G N 
with C = 18. Let us henceforth assume that r < n/2 (and so, p < 1/2). 
Applying Corollary 1 and recalling (20), we obtain, both in the lattice and 
in the nonlattice case, 

\<^n-r(.z{u)) - ^n-r{z(.v))\ < cf '^'lJ^ + ^ 



(30) 

<C{\u-v\ + l)^. 

It follows from (29) and (30) that \A{u,v)\ < C{\u - v\ + 1)^. Hence, 

(31) A'^{u,v)<C{{u-vf + l)p. 
Inserting this into (28) yields 

(32) E[YiY2] <Cp I [ {{u- vf + l)^r{du)^r{dv) = 3Cp. 

JrJr 

This completes the proof of (18). 

Let us prove the second statement of the lemma. It suffices to show that 
for every 6 > there is A^ = N{5) such that for every n> N and r < £nn, 
we have E[Y'iy2] < ^P- It follows from (31), (27) and the weak convergence 
of <I>r to <I> as r — )• oo that we can choose B = B{6) such that for all n, r G N 
with r < n/2, 

(33) / A'^{u,v)^r{du)<^r{dv)<6p. 

JR2\[-B,B]2 
Assume first that the distribution of S, is nonlattice. We always assume 
that r < £nn. By Theorem 8, the following holds uniformly in n, u G [—B, B] 
as n — 7- oo: 

<^n-r{z{u)) - ^n-r{z{v)) = p{z){z{u) - z{v)) + o{y/p) 

= -p{z){{u-v) + o{l))^. 

Together with (29), this implies that A{u,v) = o{yfp) uniformly in u,v £ 
[—B, B] as n — )• oo. It follows that for n large enough. 



(34) / A'^{u,v)^ridu)^ridv)<6p. 

J[~B,BY 

This, together with (33) and (28), completes the proof in the nonlattice case. 
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Assume now that the random variable ^ is lattice with values in the 
set b + KL, with h being maximal with this property. Let u,v G [—B,B] n 
r-^/'^{rh + KL) with u<v. Note that by (20), z{u) - z{v) G (n - r)-^/2/iZ. 
Hence, the number of points in the set 

In,r{u, v) := {ziv),z{u)] D {n - ry^/^iin - r)b + hZ) 
is equal to h~^{n — r)^"(z(n) — z{v)). By Theorem 7, 



<^n-riz{u)) - <^n-riz{v)) 



XGl„^riu,v) 

E 

X£l„^r(u,v) 



6 + • • • + Cn 



^/r^■ 



■ X 



h 



^n — r 



p{x) + o 



y/rT 



= {v-u)p{z)^+o{^). 

It follows that /\{u,v) = o{^/p) as ?i — )• oo uniformly in u,v & [—B,B] 
r~^'^(r6+ ft,Z). Hence, equation (34) holds for n large enough and the proof 
is complete. D 



2.3. An empirical central limit theorem for overlapping sums. In this sec- 
tion, we state and prove a result from which we will deduce Theorems 1-5. 
It is an empirical central limit theorem for overlapping sums of indepen- 
dent random variables. Let {^e',G G E} be independent copies of a random 
variable ^ satisfying E^ = and E^^ = 1 , where E is some countable index 
set. For every n G N, let T„ C 2^ be a finite collection of (typically, overlap- 
ping) subsets of E, each subset having cardinality n. Define a random field 
{X„(t);teT„}by 

1 v^ 



(35) 



Xn{t) 



e& 



^e. 



Let ^n{z) = P[X.n(t) < z], where z S M, be the distribution function of X„(t). 
The covariance function of the random field X^ is given by Pn{ti,t2) = -\tir\ 
t2 1 . Define also s^ > by 



(36) 



: Var 






E Pn{tl,t2). 



Proposition 1. Let the random field {Knit)', t S T^} be defined as above. 
Assume that for some random, variable V and some sequence En > with 
lim„_i.oo ^n = 0, the following two conditions are satisfied: 



(37) 



fE 



Knit) 



V, 
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^^^) J^^ ^ /5n(tl,t2)lp„(ti,t2)>.„ =0. 

Then, the following convergence of stochastic processes holds true: 

(39) jl V(ix„(t)<.-'^nW);^G^V-^'{-p(^)^;-eM}. 

Proof. For z G M, define a zero-mean random field {Y„(t; z);t G T„} by 

(40) Y„(t;z) = lx„(i)<. - $„(^) +p(z)X„(t). 
We will show that 

(41) lim Var — VY„(t;z) = lim ^ V E[Y„(ti; z)Y„(t2; ^)] = 0. 

By the first part of Lemma 1, we have for every ii,t2 £ ^n; 

(42) 0<E[Y„(ti;z)Y„(i2;^)]<Cp„(ti,t2). 

This allows us to estimate the contribution of those terms in (41) which 
satisfy Pn{ti,t2) > Sn- It follows from (42) and (38) that as n — >• (X), 

(43) Yl mniti;z)Y^{t2;z)]<C Yl Pn{ti,t2) = o{sl). 

tlM&Tn tl,t2€Tn 

Pn{tl,t2)>£n Pn{tl,t2)>£n 

Let us consider the terms with Pn{ti,t2) < £n- It follows from the second 
part of Lemma 1 that there is a sequence 6n > such that lim„_s.oo ^n = 
and for every ii,t2 such that Pn(ti,t2) < En, we have 

(44) Q<mn{tl]z)Yn{t2]z)]<5nPn{tl,t2)- 

It follows from (44) and (36) that as n — t- cxo, 

(45) Y. n^n{ti;z)Yn{t2;z)]<5n Y Pn{tl,t2) = o{sl). 

Pnitl,t2)<e„ Pn{tl,t2)<£n 

Combining (43) and (45), we obtain (41). 

Take some zi,...,Zd G M. Recalling (40), we may write for every i = 
l,...,d, 

- Y (i^"W<^. - ^nizi)) = -^ Y ^"(*) + - E ^-(*; ^^)- 

The first term on the right-hand side converges to —p{zi)V in distribution 
by (37), whereas the second term converges to in probability by (41). This 
completes the proof. D 
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2.4. Proofs of Theorems 1-3. In this section we derive Theorems 1-3 
as consequences of Proposition 1. We will replace condition (38) by the 
following one: 

(46) Yl rl{h,t2) = 0{nsl), n^oo. 

Here, r„(ti,t2) = l^i ni2| is the overlap of the sets ti,t2 S ^n- Condition (46) 
implies that (38) holds with e„ = l/-y/n. Indeed, we have, as n — )■ oo, 

XI Pn(ti,i2)lp„(ti,t2)>i/0i<\/n Y pl{tiM) = o{sl). 

Proof of Theorem 1. The number of assignments on the set of n 
elements is given by \Tn\ = n\. To apply Proposition 1, we take £■ = N x N 
and identify an assignment t £Tn with the subset {{i, t(i));i = 1,. . . ,n} oi E. 
To verify condition (37) of Proposition 1, note that 

m E ^"W = ^ E E^M« = ^ E ^^.- 

It follows that s^ defined in (36) is given by 



(48) s; = Var 



E ^"(*) 



teTn 



n\{n — 1)!. 



The central limit theorem together with (47) and (48) implies that the ran- 
dom variable s~^'^f^rp X„(t) converges weakly to the standard Gaussian 
distribution as n — t- oo. This verifies condition (37) with V ~ A^(0, 1). 

Let us verify condition (46). Let t£Tn be the identical assignment, that 
is, i{i) = i, i = 1,. . . ,n. We have 

E rl{h,t2)=n\Y,rl{t,i)=nlY,iT.Mi)=^] = 2(n!)^ 

where the last equality follows from the well-known fact that the expectation 
of the squared number of fixed points in a random permutation is 2. Together 
with (48), this verifies condition (46). The proof is completed by applying 
Proposition 1. □ 

Proof of Theorem 2. To apply Proposition 1, we take E to be the 
set of all two-element subsets of N and identify the set Vn of vertices of the 
complete graph G„ with {l,...,n}. Then, any (nonoriented) Hamiltonian 
path t £Tn can be viewed as a subset of E. Let us verify condition (37) of 
Proposition 1. The number of Hamiltonian paths in the complete graph Gn, 
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n > 3, is given by |T„| = 2(?^ — 1)- The number of Hamiltonian paths con- 
taining a given edge is easily seen to be (n — 2)!. Hence, 

teT„ ^ teT„ eet ^ eeEn teTn ^ eeE„ 

Note that the number of edges in Gn is \En\ = ^n{n — 1). It follows that s^ 
defined in (36) is given by 



(50) si = Var 






l(„_l)!(n-2)!. 



By the central limit theorem, combined with (49) and (50), the random 
variable s^^X^jgy X„(t) converges weakly to the standard Gaussian distri- 
bution as n — >• oo. This verifies condition (37) of Proposition 1. 
We prove that (46) holds. We have 

Y^ rl{h,t2)= Yj ( 5Z ^^^i^^e*^) 

(51) ^ Y Y leetileetal/Gti 1/6*2 

ti,t2&Tne,f&E„ 

e,/6-B„ \eT„ 

The sum X^^gj^ Igeil/gt represents the number of Hamiltonian paths con- 
taining the edges e and /. If e = /, then there are (n — 2)! such paths. If 
the edges e and / have exactly one common vertex, then the number of 
Hamiltonian paths containing e and / is easily seen to be (n — 3)!. Finally, if 
the edges e and / do not have a common vertex, then the number of paths 
containing both e and / is 2(n — 3)!. The number of pairs (e, /) G E^ having 
exactly one common vertex is 6( o ), and the number of pairs (e, /) G E^ with- 
out a common vertex is 6(2). It follows from (51) that J2ti t2GT„ '"nl^ii^s) is 
equal to 

'^)((n-2)!)V6(;j)((n-3)!)V24(^)((n-3)!)^ 

This expression is of order 0{ns1) as ?i — )• oo. It follows that (46) is fulfilled. 
The proof is completed by applying Proposition 1. D 

Proof of Theorem 3. By Cayley's theorem, the number of spanning 
trees on n vertices is given by |T„| = n"~^. Since each spanning tree has 
n — 1 edges, and since there are n(n — l)/2 edges, any edge is contained in 
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2n"~^ trees. Hence, 

(52) E ^"(*) = T^ E E^e = ^ E ^^ 

It follows that 

(53) si = Var 



2n2"-^ 



E ^n{t) 

By the central limit theorem together with (52) and (53), the random vari- 
able s~^ 'l2t&T ^n{t) converges weakly to the standard Gaussian distribution 
as n — )• CO. 

Let us verify condition (46). As in (51), we have 

E rl{ti,t2)= E (El-e*Vet) • 

Given two edges e and /, we will compute the number of spanning trees 
Nn{e, f) = YlteT leGtl/et in the complete graph G„ containing these two 
edges. For e = /, we have shown that this number is equal to 2n"~^. We 
claim that if the edges e and / have exactly one common vertex, then 
Nn(e, f) = 371""^, whereas if e and / do not have common vertices, then 
Nn{e, f) = 4?7-"~^. For completeness, we will prove this by using the transfer 
current theorem giving an interpretation of random spanning trees in terms 
of electric networks (see [18], Section 8.2). It says that the probability that 
a uniformly chosen spanning tree (in any finite graph) contains two given 
edges e and / is given by the determinant 



(54) 



/y(e,e) Y{e,f)\ 
^'^y(/,e) Y{f,f)) 



where Y{g, h) denotes the (signed) current which flows through the (some- 
how oriented) edge /i if a battery is hooked up between the ends of the 
(somehow oriented) edge g = (wi, 1^2) with such voltage that the total current 
flowing through the graph is 1. By Kirchhoff's laws and symmetry reasons, 
we have Y{g^ g) = 2/n, Y{g^ h) = \/n if h is of the form {vi^v) for some ver- 
tex V / V2-, and Y{g, h) = 1/n if /i = {v, V2) for some vertex v ^vi.li g and h 
have no vertices in common, then Y{g, h) = 0. Inserting this into (54) and 
recalling that the total number of spanning trees in T^ is n""^, we obtain 
the above mentioned formulae for Nn{e,f). 

Recall from the proof of Theorem 2 that the number of pairs (e, /) G E^ 
having exactly one common vertex is 6(3), whereas the number of pairs 
(e, /) G E'^ having no vertices in common is 6(2). Thus, 

E -^(ii,t2) = 4(^)n2("-^) + 54(;^)n2("-^) + 96(^)n2(-^). 
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The right-hand side is of order 0{ns'^) as n — )■ oo. This completes the proof 
of (46). D 

2.5. Proof of Theorem 4- We wih verify conditions (37) and (38) of 
Proposition 1. Recah that Pk{x) is the probabihty that a simple (nearest- 
neighbor) d-dimensional random walk which starts at the origin, visits the 
site X E Z*^ at time A; G NU {0}. Note that with s„ defined by (36), we have 



t&Tn ^ k = l xS 



(55) Y. ^"(*) = ^E E Pk{^)U^)^ 



(56) 4 = ^EE^i(-)- 

First, we find an asymptotic formula for X]fc=i Sajez^^PfcC^) ^^ n — )• oo. 
A symmetry argument shows that l^^gZ''Pfc(^) = J'2fc(0). Also, by the mul- 
tidimensional local limit theorem (e.g., [16], Section 1.2), P2fc(0) ~ 2^~'^{7rk/ 
d)~'^''^ as A; — 7- oo. Thus, in the case d > 3 we have 

oo 

(57) 5^:=^ j;pi(x)<oo. 

fc=ixez<' 
For d = 1,2, we obtain the following asymptotics as n — )• oo: 



(58) EErf-w~2'-E(^) 



d/2 

~ < 
fc=la;GZ'* k=l 



Ti 

2W-, (i=l, 



— logn, d = 2. 

IT 



In the case d>2>, combining (55)-(57), we obtain the following relation 
verifying condition (37): 

1 1 °° 

- E ^"W„-ii 5 E E pk{^)^k{x), 

t6T„ fc=l xeZd 

where the series on the right-hand side converges in the L^-sense. 

In the case d = 1, 2, we will verify condition (37) by proving that the ran- 
dom variable — X^^gT X„(t) converges as n — )• oo to the standard Gaussian 
distribution. To this end, we will show that a triangular array in which the 
nth row consists of the random variables {pfc(x)^fc(a;); /c = 1, . . . ,?i,a; G Z'^} 
(with only finitely of them being nonzero) satisfies the Lyapunov condition: 
for some 5 > and as n — t- oo, 

/ / n \ {2+5)/2s 

(59) Y. E nPk{x)Uxt+'\ = o 5] E p^(^) 

k=lx&Zd \\fc=la;eZd / / 
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Note that sup^g^"* Pk{x) = 0{k~'^''^) as A; — )■ oo by the multidimensional local 
limit theorem (see [16], Section 1.2). Recalling the assumption E|^p+ < oo, 
we have 



.2+6, . 



Y.Y.npk{x)Ux)r']=cY.Y.pl' 

k=ixeZ'i k=ixeZ'^ 

<C^(fc-(i+^)'^/2 5^p,(x)) 

fc=l ^ x&Z-i ' 

k=l 

It follows from (58) that for d=l,2, the Lyapunov condition (59) holds. To 
complete the verification of condition (37) of Proposition 1, recall (55), (56) 
and apply the Lyapunov central limit theorem. 

Let us verify condition (38) for every d G N. Arguing as in (51), we obtain 

(60) ^ rl{ti,t2)= Yl (^ Mki)=xiMk2)=x2 

ti,t2£T„ ki,k2=l,...,n teT„ 

The sum J2teT„ ^t{ki)=xi^t{k2)=x2 counts the polymers t £Tn with the prop- 
erty t{ki) = xi, t[k2) = X2- For l<ki<k2<n, the number of such paths is 
{2d)'^Pk^{xi)pk2-kA^2 -xi). It follows that 

E rl{t,M)<2-{2df- Y. E PlM)pl.~kM-^i) 

ti,t2er„ l<ki<k2<nxi,X2&Z'i 

<2.{2dr{J2YpiiA ■ 

With e„ = n~^'^, it follows that for any dimension d G N, 

Y TnitlM) < ^Jl Y '^nitl,'t2)=o{nsl), n ^ OO, 

rn{tl,t2)>£nn 

where the last step follows from (56) combined with (57) (in the case d>3) 
or (58) (in the case d= 1,2). This verifies condition (38). The proof of 
Theorem 4 can be now completed by applying Proposition 1. 

2.6. Proof of Theorem 5. Given two vertices ti = {vi, . . . ,Vn) € T and 
^2 = (^1, • • • 1 Wn) G T of length n S N denote by r„(ti, ^2) = min{i G N : u j / 



DISTRIBUTION OF LEVELS IN RANDOM LANDSCAPES 19 

Wi} — 1 the number of common ancestors, excluding 0, of ti and t2- The 
next lemma will be needed in the proof of Theorem 5. 

Lemma 2. Fix A; G N. Define a stochastic process {Vn ;n G N} by 

(61) ^^'' = ^ E -nituh). 

tl^t2 

Then, the limit Vob := lim„_>.oo V^ exists in (0,oo) a.s. 

Proof. Let An = cr{Zt;l{t) < n} be the a-algebra generated by the ge- 
nealogical structure of the first n generations of the branching random walk. 

(k) 

By definition, the random variable Vn is ^„-measurable. We will show that 
the sequence {Vn ,n G N} is a submartingale with respect to the filtration 
{^n;"-GN}. We have 

^^^1 = ^2 E ^t.^*.r^(ii,i2) + ^E^*(^*-l)-'- 

tl,t2GTn t&Tn 

tly^t2 

By our assumptions, m = KZf > 1 and 72 := E[Zt{Zt — 1)] G (0, cxd). It follows 
that 

(62) E[FiS|X] = Fi'=) + J^|r„|>y('=), 

whence the submartingale property. The sequence {Vn ;A; G N} is bounded 
in L^, since applying (62) recursively, we obtain 

k ^ 'k 

(63) E[viSl = EIk!')] + ^ = ...=,, ^ ^. 

i=l 

By the martingale convergence theorem, V,^ = lim„_^oo Vn exists in [0, 00) 
a.s. To see that the limit is nonzero a.s., consider particles in generation n 
which are offsprings of some fixed particle in generation 1. It is a classical 
fact that the number of these offsprings divided by m^~^ converges to an 
a.s. nonzero random variable (see [14], page 13). Since for any of these two 

offsprings ti,t2, we have r„(ti,t2) > 1, it follows that Vob > a.s. D 

Proof of Theorem 5. Given vertices ti,t2 G T of length n G N, note 
that pn{ti,t2) := E[X„(ti)Xn(t2)] = ^r„(ti,t2). For n G N, let s„ > be 
a random variable defined by 



4= E Pn{h,t2)- 

tl,t2&Tn 
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First we prove that we have a.s. finite random variables V, W defined by 

(64) y = lim - V Xn{t), W = -lim ^Y] X„(t). 

By Lemma 2, we have 



S„ ^ — ' n-s>oo i„ 



lim ,/iim~''sn = hm v/ ^i^^ + m-2"n|r„| = \Jv^^ G (0, oo) a.s., 

n— >oo n— >oo ' 

(65) 

where we have also used that lim„_j.oo"i "|Tk| exists in (0,oo) a.s. (see [14], 
page 13). It has been observed in [8] that {^/nm~'^ Ylti^T ^n(t);n £ N} is an 
L^-bounded martingale with respect to the filtration {Bn',n E N}, where 5„ 
is the (T-algebra generated by the genealogical structure {Zt;l{t) < n} and 
the displacements {CtJ^O — ^} of the first n generations of the branching 
random walk. By the martingale convergence theorem and (65), we obtain 
that the limits in (64) exist a.s. Also, it follows from Lemma 2 and (65) that 

(66) lim ^ Yl rliti,t2)=l^in^(v^''^ + ^\Tn\)=^, 

which is finite a.s. 

The proof of Theorem 5 can be completed as follows. Since the set r„ of 
particles in the nth generation is random, we cannot apply Proposition 1 di- 
rectly. To overcome this difficulty, we will use a conditioning argument. We 
may assume that the random variables {Zt;t G T} representing the num- 
bers of children are defined on a probability space {il.z,Az,fJ'z) and the 
random variables {^t'^t S T \ {0}} representing the displacements are de- 
fined on {Q^,A^,fM^). Then, we can define the branching random walk on 
the product ^z x ^g of both the spaces. Fix some r G Qz and restrict all 
random variables to the set {r} x Q^ endowed with the probability measure 
6r X /i^, where 6r is the Dirac measure at r. Essentially, this means that we 
fix the realization of the Galton- Watson tree but do not fix the displace- 
ments of the particles. Note that the set T„ becomes deterministic after 
such restriction. It follows from (64) and (66) that conditions (37) and (46) 
of Proposition 1 are fulfilled (in the restricted setting) for /i^-a.e. r G ^z- 
Applying Proposition 1, we obtain that for fiz-^-^- ^ G ^z, 

where the random variables under consideration are restricted to the space 
{r} X Q^. To complete the proof, integrate over r G Clz- D 

3. Proof of Theorem 6. 

3.1. Hermite polynomials. We need to recall some facts about Hermite po- 
lynomials. Recall that p{z) = (27r)~^' ^e~^ ' ^ is the standard Gaussian densi- 
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ty. Let L^(]R,p) be the set of all measurable functions /:M — )• M such that 
ll-^lli^fR v) '■~ /r/^(^)^('^) d-^ i^ finite. The space L^(]R,p) is a separable Hilbert 
space endowed with the scalar product (/, 9)l2(k,p) = f^fi^)g{^)p{^)dz. 
The (normalized) Hermite polynomials ho, hi,... are defined by hn{z) = 
(— l)"(n!)~^/^e^ ''^-^e~^ ^"^ ■ The sequence {/in}n=o,i,... is an orthonormal 
basis in L^(R,p). For the proof of the next lemma see [21], Lemma 1.1, 
or [15], page 55. 

Lemma 3. Let (X, y) he a zero-mean Gaussian vector with EX^ = 
Ey2 = 1 and E[XY] = p. Then, for every i,j G NU {0}, 

E[h,{x)h,iY)] = \p^^ liy: 

Given / € L^(]R,p) and A; G N, we denote by P/^f the orthogonal projection 
of / onto the orthogonal complement of the /c-dimensional linear subspace 
spanned by the first k Hermite polynomials ho, ... , /ifc-i- That is, 

oo fc— 1 

(67) {Pkf){z) = J^(/, /li)L2(iR_p)/li(z) = f{z) - ^(/, /li)i2(K_p)/li(z). 

i=k i=0 

Lemma 4. Let {X,Y) he a zero-mean Gaussian vector with EX^ = 
Ey2 = 1 and E[XY] = p. Then, for any f,ge L'^{R,p) and keN, 

(68) \E[P,fiX)P,giY)]\ < |H'|I/IIl2(R,p)II5||l2(r,p). 

Proof. Write fi = (/,/ii)L2(]g^p) and gi = {g,hi) ^^(^^^p) for i G NU {0}. 
We have Pkf{X) = YZkhH^) and Pkg{Y) = YZkQMY). Using Lem- 
ma 3 and the inequality |p| < 1, we obtain 



nPkf{X)Pkg{Y)]\ 



^p'fiOi 



i=k 



i=0 



To complete the proof, apply the Cauchy-Schwarz inequality. D 

3.2. Reduction method. The following proposition is an empirical central 
limit theorem for Gaussian processes. 

Proposition 2. For every n G N, let {X„(t);t G r„} he a zero-mean, 
unit-variance Gaussian process. Let pn{ti,t2) =E\Kn{ti)'Kn{t2)] he the co- 
variance function of X„ . Define ?n ^ hy 



(69) ?^:=Var 



5](x2(t)-l) =2 Y. pl{ti,t2). 
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Suppose that for some random variable V and for some sequence e^ > 
satisfying lim„_j>ooen = 0, the following three conditions hold: 

(70) lim ^ V pn{ti,t2) = 0, 

^" ti,i2GT„ 

(71) l^(x2(t)-i) -A,v, 



^" t6r„ 



(72) lim ;^ Yl /'n(*i'*2)l|p„(*i 



ti,t2 6T„ 



t2)|>er, 



0. 



Then, the following convergence of stochastic processes holds true: 

1 

n— >oo I 2 






Proof. The proof is based on the reduction method of [22]. For x,z €M, 
write /(x; z) = lx<z- For z € R, define a zero-mean random field {Y„(i; z); i £ 
^n} by 

(74) Yn{t;z):={P^f{-,z)){Xn{t)), 

where P3 is the projection operator given in (67). Since the first three Her- 
mite polynomials are given by ho{x) = 1, hi{x) = x, h2{x) = -75(2;^ — 1)) this 
means that 

(75) Y„(t; z) = lx„(i)<. - ^z)+p{z)Xn{t) + lzp{z){Xl{t) - 1). 

By Lemma 4 with A; = 3 and f = g, we have E[Y„(ti;z)Y„(t2;2;)] < C\pn(ti, 
t2)\^ for every ^1,^2 G Tn, where the constant C does not depend on 2; G M. 
It follows that 



Var 



J^Y„(t;z) = Yl E[Y„(ti;z)Y„(t2;z)] 



<C Y \Pnitl,t2)f 

tl,t2&Tn 

<Cen 22 Plitl,t2) + C J2 Pn(il,*2) 

tl,t2&Tn tl,t2&Tn 

\pn(.tl,t2)\>e„ 

= o{^l) 

as n — )• 00, where the last step follows from the assumption lim„_>oo ^n = 
and condition (72). Take some zi, . . . , z^ G M. Then, for every i = 1, . . . , d, it 
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follows from (75) that we have the following decomposition: 



"^^ teT„ 






+ -Y,^n{t;zi). 



As n— )-oo, the first term converges to in probability by condition (70). 
The second term converges in distribution to —i2Zip{zi)V by condition (71). 
Finally, the third term converges to in probability by (76). This completes 
the proof. D 

3.3. Completing the proof of Theorem 6. We will verify the conditions of 
Proposition 2. Given a spin configuration t £Tn and an edge e = {^1,^2} G En, 
we write toe = t{vi)t{v2) € {+1, —1}- Recall that the energy of a spin con- 
figuration t £Tn is given by 

(77) X„(t) = \En\-^/^ Yl (*oe)^(e), 

eeEn 

where {J(e);e € E^} are independent standard Gaussian random variables. 
We start by verifying condition (70) of Proposition 2. Since 
'l2teT (i o e) = for every edge e G En, we have 

= |i?.|-V2 J^ J(e)J](toe) 

= 0. 

Hence, ^^^ t2eT„ Pn{ti,t2) = 0, which implies that condition (70) holds. 

Let us verify condition (71) of Proposition 2. Note that for every different 
edges 61,62 £ En, we have YlteT (ioei)(toe2) = 0. Hence, 



E(^'w-i) 



iGT„ 

(78) =\En\^^Yl Yl ((*oei)(ioe2)J(ei)J(e2)-lei= 

teT„ ei,e2£En 
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By Lemma 3, E[{Xl{ti) - l)iXl{t2) - 1)] = 2pl{ti,t2). It follows from this 
and (78) that 



(79)?2 = Var 



■t&Tn 



\T r 

\En\ 



■ Var 



■e&En 



I) 



^ M-TJ. 



I -En 



The central limit theorem together with (78) and (79) implies that condi- 
tion (71) is satisfied with Vr^N{0,l). 

Let us verify condition (72) of Proposition 2. It follows from (77) that 
for every ti,t2 G r„, /9„(ti,t2) = l^nT^ I]e6£„(*i oe)(t20e). Define a spin 
configuration t G T„ by requiring that t{v) = 1 for every vertex v £Vn- It 
follows that 

E pUtl,t2) = \Tn\Y,pt{i,t) 



ti,t2GT„ 



teTn 



(80) 



|r„||E„|-^E(E(*o^)) 



t6T„ ^e6-E„ 



iT„iii^.i- E EIK* 

61,62, 63, e46-Bn tGTn fe = l 



OCfc) 



It will be convenient to write 7?(ei, . . . , 64) = X^fg^ nA:=i(*^^fc)- ^^ some ver- 
tex V GVn belongs to exactly one or exactly three of the edges ei , . . . , 64, then 
r/(ei, ... ,64) = by spin fiip symmetry. Consider some quadruple ei, . . . ,64 
for which 7/(ei, . . . , 64) 7^ 0. We will show that there are at most C|S,„p such 
quadruples. The union of all vertices belonging to ei, . . . , 64 consists of 2 or 4 
elements. In both cases, we can find i,j€ 1, ... ,4 such that the union of ver- 
tices belonging to ei , . . . , 64 coincides with the union of the vertices of e^ , Cj . 
There are at most l-E^p possibilities to choose e^ and Cj and a bounded 
number of choices for the remaining two edges. To summarize, there are at 
most C\En\'^ terms of the form r/(ei, . . . , 64) which are nonzero, and any such 
term is bounded by |T„|. It follows from these considerations and (80) that 

(81) E /'n(ii,i2)<|T„||i?„|-4-c|i5;„|2|r„|<cJ^"' 

tl,t2&Tn 



\En\ 






Now we are able to verify condition (72). Since lim- 
choose e„ > in such a way that lim„_s.oo En = but lim„. 
Recalling (79) and (81), we obtain 

Pn(*l)*2)l|p„(ii,i2)|>en < 7572" E Pnih,t2) < 



00, we can 
2 I 

00 ^n\ 



<^n I J^n I 



00. 



^ _ ___,^ _ E 



E 



C 






which converges to as n 
tion (72) of Proposition 2. 



00. This completes the verification of condi- 



DISTRIBUTION OF LEVELS IN RANDOM LANDSCAPES 25 

Acknowledgments. The author expresses his gratitude to Wolfgang Kar- 
cher, Daniel Meschenmoser and Florian Timmermann for useful discussions 
on empirical central limit theorems. 

REFERENCES 

[1] Bauke, H. and Mertens, S. (2004). Universality in the level statistics of disordered 

systems. Phys. Rev. E 70 025102. 
[2] Ben Arous, G. and Kuptsov, A. (2009). REM universality for random Hamil- 
tonians. In Spin Glasses: Statics and Dynamics (A. Boutet de Monvel 
and A. BoviER, eds.). Progress in Probability 62 45-84. Birkhauser, Basel. 
MR2761980 
[3] Berman, S. (1970). Occupation times of stationary Gaussian processes. J. Appl. 

Probab. 7 721-733. MR0278367 
[4] BiLLlNGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley, New 

York. MR1700749 
[5] BORGS, C., Chayes, J., Mertens, S. and Nair, C. (2009). Proof of the local REM 
conjecture for number partitioning. I. Constant energy scales. Random Struc- 
tures Algorithms 34 217-240. MR2490289 
[6] BoRGS, C, Chayes, J., Mertens, S. and Nair, C. (2009). Proof of the local REM 
conjecture for number partitioning. II. Growing energy scales. Random Struc- 
tures Algorithms 34 241-284. MR2490290 
[7] BoviER, A. and Kurkova, I. (2007). Local energy statistics in spin glasses. J. Stat. 

Phys. 126 933-949. MR2311891 
[8] Chen, X. (2001). Exact convergence rates for the distribution of particles in branch- 
ing random walks. Ann. Appl. Probab. 11 1242-1262. MR1878297 
[9] Dehling, H., Mikosch, T. and S0RENSEN, M., eds. (2002). Empirical Process Tech- 
niques for Dependent Data. Birkhauser, Boston, MA. MR1958776 
[10] Dehling, H. and Taqqu, M. S. (1989). The empirical process of some long-range 
dependent sequences with an application to [/-statistics. Ann. Statist. 17 1767- 
1783. MR1026312 
[11] Deo, C. (1973). A note on empirical processes of strong-mixing sequences. Ann. 

Probab. 1 870-875. MR0356160 

[12] DOBRUSHIN, R. L. and Major, P. (1979). Noncentral hmit theorems for nonhnear 

functionals of Gaussian fields. Z. Wahrsch. Verw. Gebiete 50 27-52. MR0550122 

[13] Gnedenko, B. V. and Kolmogorov, A. N. (1954). Limit Distributions for Sums of 

Independent Random Variables. Addison-Wesley, Cambridge, MA. MR0062975 

[14] Harris, T. E. (1963). The Theory of Branching Processes. Die Grundlehren der 

Mathematischen Wissenschaften 119. Springer, Berlin. MR0163361 
[15] Ivanov, a. V. and Leonenko, N. N. (1989). Statistical Analysis of Random Fields. 
Mathematics and Its Applications 28. Kluwer Academic, Dordrecht. MR1009786 
[16] Lawler, G. F. (1991). Intersections of Random Walks. Birkhauser, Boston, MA. 

MRU 17680 
[17] Leonenko, N. (1999). Limit Theorems for Random Fields with Singular Spectrum. 

Kluwer Academic, Dordrecht. MR1687092 
[18] Lyons, R. and Peres, Y. (2012). Probability on Trees and Networks. To appear. 

Available at http://mypage.iu.edu/~rdlyons/. 
[19] Petrov, V. V. (1975). Sums of Independent Random Variables. Ergebnisse der Math- 
ematik und ihrer Grenzgebiete 82. Springer, New York. MR0388499 



26 Z. KABLUCHKO 

[20] Stone, C. (1965). A local limit theorem for nonlattice multi-dimensional distribution 

functions. Ann. Math. Statist. 36 546-551. MR0175166 
[21] Sun, T. C. (1965). Some further results on central limit theorems for nonlinear 

functions of a normal stationary process. J. Math. Mech. 14 71-85. MR0170386 
[22] Taqqu, M. S. (1974/75). Weak convergence to fractional Brownian motion and to 

the Rosenblatt process. Z. Wahrsch. Verw. Gebiete 31 287-302. MR0400329 
[23] Taqqu, M. S. (1979). Convergence of integrated processes of arbitrary Hermite rank. 

Z. Wahrsch. Verw. Gebiete 50 53-83. MR0550123 
[24] Withers, C. S. (1975). Convergence of empirical processes of mixing rv's on [0,1]. 

Ann. Statist. 3 1101-1108. MR0394794 
[25] Yu, H. (1993). A GUvenko-Cantelli lemma and weak convergence for empirical 

processes of associated sequences. Probab. Theory Related Fields 95 357-370. 

MR1213196 

Institute of Stoohastics 

Ulm University 

Helmholtzstr. 18 

89069 Ulm 

Germany 

E-MAIL: zakhar.kablucliko@uni-uIm.de 



